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Abstract. The Wahlquist-Estabrook prolongation method constructs for some PDEs a Lie algebra 
that is responsible for Lax pairs and Backlund transformations of certain type. We present some general 
properties of Wahlquist-Estabrook algebras for (1 + l)-dimensional evolution PDEs and compute this 
\ algebra for the n-component Landau-Lifshitz system of Golubchik and Sokolov for any n > 3. 

We prove that the resulting algebra is isomorphic to the direct sum of a 2-dimensional abelian 
Lie algebra and an infinite-dimensional Lie algebra L(n) of certain matrix- valued functions on an 
algebraic curve of genus 1 + (n — 3)2" 2 . This curve was used by Golubchik, Sokolov, Skrypnyk, Holod 
in constructions of Lax pairs. Also, we find a presentation for the algebra L(n) in terms of a finite 
number of generators and relations. These results help to obtain a partial answer to the problem of 
classification of multicomponent Landau-Lifshitz systems with respect to Backlund transformations. 

Furthermore, we construct a family of integrable evolution PDEs that are connected with the 
n-component Landau-Lifshitz system by Miura type transformations parametrized by the above- 
mentioned curve. Some solutions of these PDEs are described. 
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d 
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1. Introduction 

1.1. Motivation for the studied problem and a summary of the results. In the last 30 years, 
\ it has been relatively well understood how to obtain integrable PDEs from some infinite-dimensional 
Lie algebras (see, e.g.JEEllllElElIinillllllSESlESlEZ] and references therein). We study the inverse 
^ ■ problem: given a PDBj, how to determine whether this PDE is related to an infinite-dimensional Lie 
\ algebra and how to construct the corresponding Lie algebra? 

A partial answer to this question is provided by the so-called Wahlquist-Estabrook prolongation 
method [61 (20J [22], [29]. For a given (1 + l)-dimensional evolution PDE, this method constructs a Lie 
algebra in terms of generators and relations. It is called the Wahlquist-Estabrook algebra of the PDE 
.£h ■ (WE algebra for short). The method is applicable also to some non-evolution PDEs (see, e.g., [9|[22]). 
^ ; The construction of the WE algebra for a PDE uses only the PDE itself. Here the PDE does not 
have to be integrable. When the WE algebra turns out to be infinite-dimensional, this is usually a 
serious indication that the PDE possesses some integrability properties. 

Before describing the results of this paper, we would like to recall some known applications of 
WE algebras. Any matrix representation of the WE algebra of a PDE determines a zero-curvature 
representation (ZCR) for this PDE. (For (1 + l)-dimensional PDEs, the notion of ZCR is essentially 
equivalent to that of Lax pair.) Vector field representations of the WE algebra often lead to Backlund 
transformations. Computing the structure of WE algebras for PDEs, one can get many interesting 
infinite-dimensional Lie algebras (see, e.g., [7J El [121 EH 121] and references therein). 

Using some generalization of WE algebras, one obtains powerful necessary conditions for two given 
PDEs to be connected by a Backlund transformation (BT for short) [TH [T5| [To] . For example, the 
following result has been proved recently in [T3| by means of this theory. For any ei,e 2 ,e 3 G C, 
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consider the Krichever-Novikov equation 

/ \ T , AT , s f 3 «L , (u - ei)(u - e 2 )(u - e 3 ) , , 

(1) KN(ei, e 2 , e 3 = <^ u t = u xxx - -— + -, u = u(x, t) 

{ 2 u x u x 

and the algebraic curve C(ei, e2, 63) = j(,2, w) G C 2 y 2 = (z — e\){z — C2)[z — e 3 ) |. 

Proposition 1 ([U]). Let ei, e 2 , e 3 , e^, e' 2 , e 3 G C foe suc/i t/iat ej 7^ e,,- and e- 7^ e'j for all i 7^ j . 

If the curve C(ei,e2,e 3 ) is not birationally equivalent to the curve C(e[, e' 2 , e' 3 ), then the equation 
KN(ei,e2,es) is not connected with the equation KN(e' 1; e' 2 , e 3 ) by any Backlund transformation. 

Also, if ei 7^ e 2 7^ e 3 7^ e\, then KN(ei,e2,e 3 ) is not connected with the KdV equation by any BT. 

Similar results are proved in [15] for the Landau-Lifshitz and nonlinear Schrodinger equations as 
well. 

BTs of Miura type (differential substitutions) for ([T]) were studied in [28]. According to [28], the 
equation KN(ei,e2,e 3 ) is connected with the KdV equation by a BT of Miura type iff e, = ej for 
some i ^ j. 

The papers [151 EE] an d Proposition [1] consider the most general class of BTs, which is much 
larger than the class of BTs of Miura type studied in [28J . WE algebras played an important role in 
obtaining these results about BTs in [TU [15], [16] . A method to obtain results similar to Proposition [1] 
is discussed in Subsection 11.31 of the present paper. 

In our opinion, the above-mentioned applications of WE algebras strongly suggest to study these 
algebras for more PDEs. According to [23], the WE algebra of the Landau-Lifshitz equation is 
isomorphic to the infinite-dimensional Lie algebra of certain matrix- valued functions on an algebraic 
curve of genus 1. One of our goals is to present examples of WE algebras related to higher genus 
curves. 

To this end, we study a multicomponent generalization of the Landau-Lifshitz equation from [TOj 
[27]. To describe this PDE, we need some notation. Let K be either C or M. Fix an integer n > 2. 
For any n-dimensional vectors V = (v 1 , . . . , v n ) and W = (w 1 , . . . , w n ), set (V, W) = Yli=i v%w> '■ 

Let r 1; . . . , r n G IK be such that 7^ r 3 - for all i ^ j. Denote by R = diag (r 1; . . . , r n ) the diagonal 
(n x n)-matrix with entries r^. Consider the PDE 

(2) S t = (S xx + 1(S X , S X )S^ + ~<£, RS)S X , (S, S) = l, R = diag (r 1; . . . , r n ), 

where S — t), . . . , s n (x, t)) is a column-vector of dimension n, and s l (x, t) take values in K. 

System (J2J) was introduced in [TDJ. According to [10], for n = 3 it coincides with the higher 
symmetry (the commuting flow) of third order for the Landau-Lifshitz equation. Thus ([2]) can be 
regarded as an n-component generalization of the Landau-Lifshitz equation. 

The paper [TU] considers also the following algebraic curve 

(3) X 2 - X 2 j = rj - r i} i,j = l,...,n, 

in the space K n with coordinates Ai, . . . , A n . According to [10J, this curve is of genus 1 + (n — 3)2™ -2 , 
and system (T2]) possesses a ZCR parametrized by points of this curve. 

System fl2J has an infinite number of symmetries, conservation laws [10] , and an auto-Backlund 
transformation with a parameter |2J. Soliton-like solutions of (J2J) can be found in [2J. In [27] system (T2]) 
and its symmetries are constructed by means of the Kostant-Adler scheme. 

The results of this paper can be summarized as follows. 

In Section [2J some general properties of WE algebras are presented. In particular, a rigorous 
definition of these algebras is given for a wide class of PDEs. An outline of these properties is 
presented in Subsection 11.21 

In Sections [3[ 131 for all n > 3, the WE algebra of system (j2J is computed. We prove that the 
WE algebra of (J2]) is isomorphic to the direct sum K 2 © L(n). Here K 2 is a 2-dimensional abelian 
Lie algebra, and L(n) is an infinite-dimensional Lie algebra of certain matrix- valued functions on the 
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curve ([3]). Applications of this result to some classification problems for Backlund transformations 
of (j2J) are discussed in Subsection 11.31 

To our knowledge, this is the first example of a computation of WE algebras for PDEs related to 
algebraic curves of genus > 1. Also, this seems to be the first example of an explicit description of 
the WE algebra for a PDE with more than 3 dependent variables. (In system (jSJ), the dependent 
variables are s 1 (x, t), . . . , s n (x, t).) 

In Remark [2] in Subsection 11.21 we discuss how one can recover the curve ([3]) from the WE algebra 
of ©. 

As a by-product, we obtain a presentation for the algebra L(n) in terms of a finite number of 
generators and relations. 

The algebra L(n) is very similar to infinite-dimensional Lie algebras that were studied in a different 
context in JTUJ [131 |26j [27] . Note that a presentation in terms of a finite number of generators and 
relations was not known for L(n) in the case n > 3. For n = 3 such a presentation was obtained 
in [21] in the computation of the WE algebra of the classical Landau-Lifshitz equation. 

In Section we construct new Backlund transformations of Miura type, which connect system ([2]) 
with a family of integrable evolution PDEs parametrized by the curve Q- Also, some solutions of 
these PDEs are described. The constructed BTs correspond to certain vector field representations of 
the WE algebra of ©. 

These results are explained in more detail in Subsection 11.21 

Weaker versions of some of these results appeared in our preprint [17] . For completeness, we include 
some results of [17J in the present paper. 

1.2. A more detailed description of the results. In Section[2]we give a definition of WE algebras 
for evolution systems 

( 4 ) -fir =F l {u\...,u m , u\,...,uT,...,u 1 d ,...,u^), u l = u\x,t), u \ = -^, i = l,...,m. 

The main idea of our definition is very similar to that of [6j [201 1221 [21]. However, instead of the 
standard approach of differential forms and vector fields, we use formal power series with coefficients 
in Lie algebras. The formal power series approach has the following advantage. 

In the classical Wahlquist-Estabrook prolongation theory [6j [20l [22j [29], one imposes some con- 
ditions on the functions F l in (jl]), in order to get a well-defined WE algebra. We do not impose 
any conditions on F l . The formal power series approach makes it possible to define the WE algebra 
rigorously for every system 01]), where F % can be arbitrary. 

The definition goes as follows. Suppose that u l take values in IK. Let D x , D t be the total derivative 
operators corresponding to 01]). 

Fix a\ G K for i — 1, . . . , m and k — 0, 1, 2, . . . such that the functions F l from 01]) are defined on 
a neighborhood of the point u\ = a\. Here u l is u l . Consider the equation 

(5) D X (B) - D t (A) + [A, B] = 0, 

where A is a power series in the variables u l — a l , and B is a power series in the variables u\ — a\ for 
k < d — 1. Here d > 1 is such that F l may depend only on u\ for / < d. 

The coefficients of the power series A, B are regarded as generators of the WE algebra, and 
equation ([5]) provides relations for these generators. A more detailed description of this construction 
is given in Section 12.11 

Thus the WE algebra is determined by system (]!]) and numbers a\. In Section I2~2l we show that 
in many cases the WE algebra does not depend on the choice of a\. 

Remark 1. Let q be a nonnegative integer. One can also study equation (EJ) in the case when A may 
depend on u\ — a\ for k < q and B may depend on u\, — a\, for k' < q + d — 1. 

If q = 0, we get the WE algebra. When q > 0, the problem becomes much more complicated, 
because one needs to use gauge transformations, in order to simplify solutions A, B of ([5]). Studying 
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equation (jHJ) for q > and using gauge transformations, one can obtain the so-called fundamental Lie 
algebra for which generalizes the WE algebra. The notion of fundamental Lie algebras for PDEs 
is described in [16] and is briefly discussed in Subsection 11.31 of the present paper. 

In Section [3] this construction is applied to system fl2]). If n = 2 then (T5]) is equivalent to a scalar 
equation of the form u t = u xxx + f(u,u x ,u xx ). For scalar equations of this type, WE algebras have 
already been studied quite well (see, e.g., [7J [14] and references therein). In the case n = 2 the 
curve ([3]) is rational. For these reasons, we assume n > 3. 

Using the definition of WE algebras, we first obtain the WE algebra of (j2J) in terms of generators 
and relations. Namely, in Section [3] it is shown that the WE algebra of (j2J) is isomorphic to the direct 
sum of a 2-dimensional abelian Lie algebra and an infinite-dimensional Lie algebra g(n). The algebra 
g(n) is given by generators p±, . . . ,p n and the relations 

(6) \Pi,\Pj,Pk]] = 0, i^J^k^i, i,j,k = l,...,n, 

(7) \pi, \pi, Pk}} - [Pj, [Pj,Pk]} = (rj - n)p k , i^k, j 7^ k, i,j,k = l,...,n. 

In Section H] we prove that g(n) is isomorphic to the infinite-dimensional Lie algebra L(n) of certain 
so^i-valued functions on the curve ([3]). Here so n i is the Lie algebra of the matrix Lie group 0(n, 1), 
which consists of linear transformations that preserve the standard bilinear form of signature (n, 1). 
From the isomorphism g(n) = L(n) we get for L(n) a presentation in terms of n generators and 
relations fl6J, (J7J). 

One has also L(n) = Li for some vector subspaces L, C L(n) with the following properties 

n(n — 1) 

[Li, Lj] C L i+j + L i+j _ 2 , dimL 2 fc-i = n, dimL 2fc = , k e Z >0 . 

Thus the Lie algebra L(n) is quasigraded (almost graded) in the sense of [211 127] . 

For n = 3 relations ([6]), (J7J) and the isomorphism g(3) = ^(3) were obtained in [23] in the compu- 
tation of the WE algebra of the classical Landau-Lifshitz equation. 

Remark 2. Clearly, relations ([7]) look somewhat similar to equations ([3]). And indeed, formulas ( |80|) . 
(jnOJ) and Theorem H] in Section H] explain how Pi is related to Aj. Relations ([7D are obtained by the 
Wahlquist-Estabrook method applied to <^j. Therefore, at least in some examples, WE algebras help 
to answer the following question. Given a PDE, which is suspected to be integrable, how to find an 
algebraic curve such that the PDE possesses a ZCR parametrized by this curve? More precisely, we 
mean the following. 

According to Section I2.1[ one has a universal procedure that constructs the WE algebra in terms 
of generators and relations for any system (j3J). Applying this procedure to system (j2J), one gets 
relations (jSJ), ©• If we want to find a ZCR parametrized by an algebraic curve, we should assume 
that pi corresponds to a matrix- valued function on a curve. Then, looking at relations (j7]), one can 
guess that one should consider the curve (j3J). 

Our proof of the isomorphism g(n) = L(n) goes as follows. The ZCR for ([2} described in [TUl [27] 
can be interpreted as a ZCR with values in L(n). This ZCR corresponds to a representation of the 
WE algebra of (j2J). Therefore, we obtain a homomorphism from the WE algebra to L(n). Using some 
nitrations on the algebras g(n) and L(n), we prove that this homomorphism induces an isomorphism 
between g(n) and L(n). 

Recall that a Miura type transformation (MTT) for system (jlj) is given by 

(8) v i t = G i {v j ,vi,vl x ,...), v^v'fat), i,j = l,...,m, 

(9) u* = H i (v j ,vi,vi x ,...), i,j = l,...,m. 

Here (jSJ) is another evolution PDE, and formulas must satisfy the following properties. For any 
solution v % of (jHJ), the functions u % given by Q) obey equations (j3]). And for any solution u l of (jU), 
locally there exist functions v l satisfying dU), ©• 

MTTs play an essential role in the classification of some types of integrable PDEs (see, e.g., [28]). 
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To our knowledge, before the present paper, there were no examples of MTTs for system (J2J). In 
Section [5] we construct a family of such MTTs parametrized by points of the curve (J3J). 
Namely, we find an evolution system of the form 

(10) v\ = P i {X 1 ,...,X n ,v j ,vi,vi x ,vi xx ), i = l,...,n, ^(t/) 2 = l, 

i=l 

and a transformation 

(11) s { = R i (\ 1 ,...,X n ,v j ,vi), i = l,...,n. 

Here Ai, . . . , A„ G C are parameters satisfying (J3J) and Aj ^ for all z = 1, . . . , n. Formulas fTTUjl . (fTT!) 
are defined locally on some open subset of the space of jets of functions s\ v\ 

For any solution v 1 , . . . , v n of (fTUI) . the function S — (s 1 , . . . ,s n ) given by (TTTT) obeys (j2J). For any 
fixed solution S 1 = (s 1 , . . . , s n ) of (|2J) and any fixed nonzero numbers Ai, . . . , A n satisfying locally 
there is an (n — l)-parametric family of solutions u 1 , . . . , v n of equations fllOp . fill I) . 

This seems to be the first example of MTTs parametrized by an algebraic curve of genus > 1. To 
construct this MTT, we find a nonlinear reduction of the auxiliary linear system corresponding to 
the ZCRfor (J2D. 

It is well known that, if system (J3j) is integrable and system (JHJ) is connected with by an MTT (Q, 
then (jSJ) is also integrable. Therefore, since (j5J) is integrable, we see that fflOl) is integrable as well. In 
particular, one can transfer the known ZCR, conservation laws, and auto-Backlund transformations 
of (T5]) to system fflOl) by means of the transformation pip . 

In Remark [T2l it is shown that the constructed MTTs correspond to some vector field representations 
of the WE algebra of fl2J). In Section Owe show also how to obtain solutions for ffTUl) from solutions 
of §Z§ and describe some solutions for (llOp explicitly. 

Section O contains the proof of the technical Lemma M about g(n). 

Remark 3. Several more integrable PDEs with ZCRs parametrized by the curve ([3]) were introduced 
in [101 [13l [26]. It was noticed in [26] that the formulas A = A^ + r i; y — YYi=i ^« provide a map from 
the curve ([2D to the hyperelliptic curve y 2 = Yli=i(^ ~ r i)- According to [ID] , for n > 3 the curve ([3D 
itself is not hyperelliptic. 

1.3. Some problems on Backlund transformations. In this subsection, all functions are assumed 
to be analytic. Recall that system (TJD is determined by constants ri, . . . ,r n . Denote system (J5J) by 
L(n, . . . ,r n ). 

Similarly to Proposition [H it is natural to ask the following question. Let ri, . . . , r n , r[, . . . , r' n E K 
be such that 7^ Tj and r\ ^ r'- for all i 7^ j. Is the system L(r 1; ...,r n ) connected with the 
system L(r' 1; . . . , r' n ) by any Backlund transformation (BT)? 

In other words, we are interested in classification of systems L(r 1; . . . , r n ) for ri, . . . , r n G K with 
respect to Backlund transformations. In the present subsection, we would like to discuss some work 
in progress about questions of this type. 

It is well known that, in order to study BTs for a PDE ([!]), one needs to consider overdetermined 
systems 

(12) w x = f(w l ,x, t,u\ ul,u l xx , ...), w\ = g J (w l ,x,t,u\ul,u l xx ,...), 

w 3 = w\x,t), j,l = l,...,q, 

such that system (fl2|) is compatible modulo (jlj). 

The WE algebra of (J1D helps to describe systems of the following type 

(13) wl = fiw 1 ,^), w{ = g j {w l ,u\u x ,ui x ,...), w j = w j (x,t), j,/ = l,...,g, 

where equations ([TBI are assumed to be compatible modulo It is well known that systems (TTBl 
correspond to representations of the WE algebra by vector fields on the manifold W with coordinates 
w 1 , . . . , w q . 
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A similar description of systems ( fl2i) is given in [16J. We do not have a possibility to report here 
all details of this theory, so we present only a sketchy overview of the main ideas. 

For a given PDE (j4]), the preprint [16] defines the fundamental Lie algebra, which generalizes the 
WE algebra and satisfies the following property Any compatible system ffl2|) is gauge equivalent 
to a system arising from a vector field representation of the fundamental Lie algebra of (jl]). More 
precisely, the fundamental Lie algebra is defined for each point of the infinite prolongation of (jl]) in 
the corresponding jet space (see [16] for details). 

This Lie algebra is called fundamental, because it is analogous to the fundamental group in topology. 
According to [20], there is a notion of coverings of PDEs such that compatible systems f[T2"]) are 
coverings of (jl]). This notion is similar to the classical concept of coverings from topology. Recall 
that the fundamental group of a manifold M is responsible for topological coverings of M. In a 
somewhat similar way, the fundamental Lie algebra of @ is responsible for coverings (fT21 of (jl]). 
The fundamental Lie algebra of a PDE has also some coordinate-independent geometric meaning 
(see pj). 

Let £i and £2 be Lie algebras. We say that £1 is co 'finitely- equivalent to £2 if for each i = 1,2 
there is a subalgebra fj, C £j of finite codimension such that f)i is isomorphic to f)2- 

For example, let £1 be an infinite-dimensional Lie algebra and £2 C £1 be a subalgebra of finite 
codimension. Then £x is cofinitely-equivalent to £ 2 , because one can take = Sj 2 = £2- 

The following result is proved in [To] . 

Proposition 2 ([IS]). Let Si and S 2 be evolution PDEs. Suppose that Si and S 2 are connected by 
a BT. Then for each i = 1, 2 there is a point ai in the infinite prolongation of Si such that the 
fundamental Lie algebra of Si at the point a x is cofinitely-equivalent to the fundamental Lie algebra 
of S2 at 02 . 

In fact the preprint [16] proves a more general result about PDEs that are not necessarily evolution. 
A result similar to Proposition |2] is used in [T5] in order to prove Proposition [TJ 

For a given evolution PDE (jl]), there is a natural homomorphism from the fundamental Lie algebra 
to the WE algebra. This homomorphism reflects the fact that systems (fIS|) are a particular case of 
systems (1T2I) . 

Recall that (T5]) is an evolution PDE, so we can consider the fundamental Lie algebras of (T5]). These 
algebras are studied in [T8j. Fix a point a in the infinite prolongation of (T5]). Denote by ip the 
homomorphism from the fundamental Lie algebra of (T5]) at a to the WE algebra of (T5]). 

As has been said in Subsection 11.11 the WE algebra is isomorphic to K 2 © L(n). Using this 
description of the WE algebra, the preprint [18] shows that the image of ip is isomorphic to L(n). 
The kernel of ip is studied in [IB] as well. Loosely speaking, the results of [TS] imply that the "main 
part" of the fundamental Lie algebra of (TSJ) is equal to the image of ip and, therefore, is isomorphic 
to L(n). 

Thus the structure of the WE algebra (described in the present paper) plays a very important role 
in the description of the fundamental Lie algebras for ([2]) given in [18] . 

Also, WE algebras help to obtain a partial answer to the above question about L(rj., . . . ,r n ) and 
L(r' 1; . . . ,r' n ). Namely, using Proposition [2] and the results of [T6] ITS"], one can prove the following. 

Statement 1. If the WE algebra of L(ri, . . . , r n ) is not cofinitely-equivalent to the WE algebra of 
L(r[, . . . , r' n ), then L(r 1; . . . , r n ) is not connected with L(r[, . . . , r' n ) by any BT. 

We do not prove Statement [T] in the present paper. A proof of this statement will appear elsewhere. 

Since we have an explicit description of the WE algebra for (J2J), Statement [T] provides an algebraic 
necessary condition for existence of a BT connecting L(r 1; . . . , r n ) and L(r[, . . . ,r' n ). 

Recall that the WE algebra of L(r 1; . . . ,r n ) is isomorphic to K 2 © L(n), where L(n) consists of 
certain matrix- valued functions on the curve ([3]). Similarly to Proposition [IJ it is natural to expect 
that the condition of Statement [1] can be reformulated in terms of properties of algebraic curves or 
other algebraic varieties, but this is not clear yet. 
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Note that the present paper is self-contained and can be studied independently of [HJ [151 HBl IT8] - 

1.4. Abbreviations and notation. The following abbreviations and notation are used in the paper. 
WE = Wahlquist-Estabrook, ZCR = zero-curvature representation, BT = Backlund transformation, 
MTT = Miura type transformation. The symbols Z >0 and Z> denote the sets of positive and 
nonnegative integers respectively. 

2. The definition and some properties of Wahlquist-Estabrook algebras 

2.1. The definition of Wahlquist-Estabrook (WE) algebras. The main idea of our definition 
of WE algebras is very similar to that of [6] . However, instead of the standard approach of differential 
forms and vector fields, we use formal power series with coefficients in Lie algebras. 
This will allow us to define the WE algebras for any evolution system of the form 

(14) — = F i (u\...,u m ,u 1 1 ,.. ..,<), «• = «•(*,*), u*=a£i-, * = !,-••, m- 

Here the number d G Z>o is such that F % may depend only on u\ for k < d. 
Following the jet bundle approach to PDEs [6], we regard 

(15) u\, i — l,...,m, k G Z> , u l = u\ 

as coordinates of an infinite-dimensional manifold £. 

Let K be either C or R. In this paper, all vector spaces and algebras are over the field K. The 
coordinates u\ take values in K. If IK = C then any function of the variables u\ is assumed to be 
analytic. In the case K = R, any function is smooth. 

For each / G Z>o, consider the manifold £\ = K m<7+1 ) with the coordinates u\ for k < I. We have 
the natural projection 717 : £ — > £1 that "forgets" the coordinates u\, for k! > I. 

The topology on £ is defined as follows. For any I and any open subset V G £1, the preim- 
age it^ l {y) C £ is, by definition, open in £. Such subsets form a base of the topology on £. In other 
words, we consider the smallest topology on £ such that all the maps 717 are continuous. 

A function f(u k ) is called admissible if / depends only on a finite number of the coordinates f JT5|) . 
Let £' be an open subset of £ such that the functions F l from (fT4"j) are defined on £'. Denote by A 
the algebra of K-valued admissible functions on £'. 

The total derivative operators corresponding to ffl~4]) are 



< 16 > a=! + E^4 

i,k K i,k K 

We regard D x , D t as derivations of the algebra A. It is well known that [D x ,D t ] = 0. 

Let £ be a Lie algebra. An admissible function with values in £ is an element of the tensor product 
-2 £§>k A. From now on, all functions are supposed to be admissible. One has the Lie bracket on 
£ ®k v4 defined as follows [hi ® fx, h 2 ® ^2] = [^1, h 2 ] <S> /1/2 for G £ and fx, f 2 G A 

Recall that a zero- curvature representation (ZCR) for system ffl41) is given by a pair of func- 
tions M, iV with values in a Lie algebra such that 

(17) D X (N) - D t (M) + [M, N] — 0. 

In the classical Wahlquist-Estabrook prolongation theory [6], one imposes some conditions on the 
functions F\ M, N. These conditions imply that M may depend only on Uq, . . . ,u™ and iV may 
depend on u\ for k < d — 1. 

We do not impose any conditions on F % . We simply assume that M = M(u l Q ) may depend only 
on Mq, . . . , u™, while iV = N(u\) can be a function of any finite number of the variables f[T5l) . 

According to the next lemma, our assumption implies that actually N(u l k ) may depend only on 
u\ for k < d — 1. This lemma is very similar to well-known computations in Wahlquist-Estabrook 
theory [6]. 
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dN 

Lemma 1. If M = M(u l ) and N = N{u l k ) satisfy ( fTTI) . then — r = for all I > al and j — 1, . . . ,m. 

du\ 

dN 

Proof. Let s be the maximal integer such that — r ^ for some j. Suppose s > d. 

dui 

Since F l from (fT4j) do not depend on u\, for k' > d, using formulas fflBT) . we obtain 

du{ +1 ( ^ ^ v ^ ^ ^ M s+i ^ ' ^ 

<9A 

Hence, differentiating (TTTl) with respect to one gets — j = 0, which contradicts to our assump- 

dui 

tion. □ 

A point of the manifold £ is determined by the values of the coordinates fll5p at this point. Let 
a\ G IK be such that the point 

(18) a = (u l k = a l k , i — 1, . . . , m, k E Z> ) G £ 
belongs to £' C £. 

Remark 4. The main idea of the definition of WE algebras can be informally outlined as follows. 
Consider a ZCR of the form M = M(u^), N = N(u{). Let M and N be the Taylor series of M and 
N at the point (1181) . Then M is a power series in the variables u l — a l , and A is a power series in 
the variables u\ — a\ for k < d — 1. 

We regard the coefficients of the power series M, A as generators of a Lie algebra, and equation ffTTj) 
provides relations for these generators. As a result, one obtains a Lie algebra given by generators 
and relations, which is called the WE algebra of system (TBI) at the point ffTS]) . The details of this 
construction are presented below. 

As we will show in Section 12.2} in many cases the WE algebra does not depend on the choice of 
numbers a l k . 

For each q G Z> , let S q be the set of matrices of size m x (q + 1) with nonnegative integer entries. 
For a matrix 7 G S q , its entries are denoted by 7^ G Z> , where i = 1, . . . ,m and k = 0, . . . ,q. Let 
?7 7 be the following product 

(19) ^= n K-^r- 

i=l,...,m, 
fc=0,...,ij 

We are going to study some formal power series in the variables u\ — a\ for k < q. Any such series 
can be written as 

where c 7 are the coefficients of it. In what follows, we will sometimes omit the multiplication sign • 
in such formulas. 

Let # be the free Lie algebra generated by the symbols A a , for a G So, f3 G S^-i- Then 
A Q GS, B^gS, [A^B^gS V«gS , V/3GS d _!. 

Consider the following power series with coefficients in $ 

(20) A=J2 A *-U a , B= ^ B P' uP - 

aes /3es d _i 

For any a G So and (3 G S^-i, the expressions D X (TJP), D t (U a ) are functions of a finite number of 
the variables u\. Taking the corresponding Taylor series at the point (fT8|) . we regard these expressions 
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as power series. Let 

(21) D X (B) = Kp-DxiUP), D t (A)=J2^-D t (U a ), 

/3eS d _ 1 a€S 

(22) [A,B]= [A^B^-C/-.^. 

aes , /3es d ^i 

It is easily seen that D X (B), D t (A), [A, B] can be regarded as power series with coefficients in We 
have 

(23) D X (B) - A (A) + [A, B]=Y J z i-U 1 

76S d 

for some z^ G Let 3 C 5 be the ideal generated by the elements for all 7 G S^. 

The WE algebra of system ( 114)) at the point (|T8|) is defined to be the quotient Lie algebra $/3. For 
a G the WE algebra at a is denoted by 03(a). 

Let £ be a Lie algebra. A formal ZCR at the point 0181) with coefficients in £ is given by power 
series 

(24) A=J2 A *-U a , B= B 0-U p , A a , Bp G £, 

such that D X (B) — D t (A) + [A, B] = 0, where D X {B), D t (A), [A, B] are defined similarly to (121) . 
(I22D. 

Consider the natural map p: # — > $/3 = 03(a) and set A a = p(A a ), = p{Bp). The definition 
of 3 implies that the power series 

(25) A = ^ A Q • .7°, B = B/3 • U 13 

aes /3es d _! 

satisfy A (B) — D t (A) + [A, B] = 0. Thus A, B constitute a formal ZCR with coefficients in 03(a). 

Proposition 3. Any formal ZCR (1241) with coefficients in a Lie algebra £ determines a homomor- 
phism 2U(a) — > £ given by A a !->■ A Q and B^ B^. 

Proof. Since $ is a free Lie algebra generated by A a , B^, one can consider the homomorphism 
p: $ — )■ £ given by p(A a ) = A a , p(B/j) = 5g. For any power series of the form 

C = 2J c 7 ■ £7 7 , c 7 G5", g G Z> , 

76S, 

set 

p(C) = £ p(c 7 ) • CT. 

Taking into account (1201) . ff24|) . we get 

/2(A) = ^ A a • U a = A, /2(B) = ^ Bp-U? = B, 

qgSo /?es d _i 

(26) £(Ac(B) - A (A) + [A, B]) = D X (B) - D t (A) + [A B] = 0. 

From (|2"3"1) . (|25]1 it follows that p(z 7 ) = for all 7 G and, therefore, p(3) = 0. Hence p: 5 — ► £ 
induces the homomorphism 03(a) = $/3 — > £ such that A a i-> A a , B^ i-> 5/3. □ 

Remark 5. Suppose that functions M(u l ), N(u k ) with values in a Lie algebra £ form a ZCR. Then 
the Taylor series of M(u l Q ), N(u k ) at the point 0T81 constitute a formal ZCR with coefficients in £. 
Therefore, by Proposition [31 we obtain a homomorphism 03(a) — > £. 
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2.2. WE algebras at different points. 

Remark 6. According to [HI El EE21 [2H EH] and references therein, for many PDEs (including the KdV, 
nonlinear Schrodinger, Landau-Lifshitz, Harry-Dym equations) , the WE algebra does not depend on 
the choice of numbers a\ in (fTB|) . (fl9l) . 

In the present subsection we explain this property. The main idea can be outlined as follows. For 
each of these PDEs, there is a finite collection of analytic functions 

/iK)> /2O0), /mK)> 3iK). ^K), 9n 2 {u l k ) 

such that any ZCR M(mq), N(u k ) is of the form 

«i ri2 

MK) = • /iK), = X> • SI (4). 

i=i J=l 

where Mj, A; are elements of a Lie algebra and satisfy some Lie algebraic relations. Using the Taylor 
series of M(uq) and N(u\) at the point (TL8]) . we will show that Mj, Ni generate the WE algebra. 

Since the Lie algebraic relations for Mj, Ni do not depend on the choice of numbers a\ in (fl~8l) . ffl~9]) . 
one obtains that the WE algebra does not depend on a\ for such PDEs. The details of these arguments 
are presented below. 

We need first some auxiliary constructions. Recall that A is the algebra of K-valued admissible 
functions on £'. Fix positive integers nx, n 2 and functions fj,gi G A for j = 1, . . . , m, I = 1, . . . , n 2 . 

Let £H be the free Lie algebra generated by the symbols M 1; . . . , M ni , N 1; . . . , N„ 2 . Consider the 
following element of 9X ®k A 

z = J2 N < ® d m - Yl M i® + ® f&- 

An ideal / C 9\ is said to be Z-tame if the natural map *K <8> ^4 — >■ (91/ '/) <S> .4. sends Z to zero. Let 
3 C 9^ be the intersection of all Z-tame ideals of £H. 

Remark 7. A set of generators for the ideal 3 is constructed as follows. Let vx, . . . , v q be a basis for 
the linear subspace of A spanned by the functions D x (g{), D t (fj), fjg t . Then there are ex, . . . , e q G %X 
such that 

Z = J2N l ® D x ( 9l ) - Mj ® D t (/j) + ^[Mj, N,] ® = ^ e s ® v a . 

Then ei, . . . , e q generate the ideal 3- Indeed, since v i, . . . , v q are linearly independent, the elements 
ei,...,e q belong to any Z-tame ideal and, therefore, belong to 3- On the other hand, the ideal 
generated by ex, ■ ■ ■ , e q is Z-tame and, consequently, contains 3- In particular, one obtains that the 
ideal 3 is Z-tame. 

Consider the natural homomorphism a: 9\ — > 9t/3 an d set Mj = er(Mj), Nj = <r(N/). Since 3 is 
Z-tame, one has 

(27) J2 ^ ® Ac(fl) " ® + ^[M,, N,] ® = 0. 

« i i,i 

Theorem 1. Consider an evolution system (1141) and £/ie corresponding manifold £ with coordi- 
nates (II 5p . Suppose that there are a connected open subset £' G £ and analytic functions 

/lK), / 2 «), /niK), fflK)) 92(4), <7naK) 

on £' such that the following properties hold. 

• The functions F l from (I14p are analytic on £' . 
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• For any point ( TL8l) of 8' , any Lie algebra £, and any formal ZCR (BID , one ^ as 

(28) A = Y,M r f v B = Y J N l -g l 

j=i i=i 

for some elements Mj,N[ £ £. In formulas (J2SJ) we regard fj, gi as power series, using the 
Taylor series of fj, gi at the point (|T8|) . 

Consider the algebra 91 and t/te ideal 3 C corresponding to fi, . . . , / ni , gi, ... , g„ 2 , as constructed 
above. 

Then for any a £ £' the WE algebra 2U(a) of system (TH1) is isomorphic to 91/3 • Hence for any 
a, a' £ £' one has 2U(a) £ QU(a'). 

Proof. Recall that fl25|) is a formal ZCR with coefficients in QU(a). Applying the assumption of the 
theorem to this formal ZCR, we get 

ni ri2 

(29) A = £m j -/ j - i B = ^iV,.^ 

i=i z=i 

for some elements Mj, iVj £ 2B(a). 

Since £' is connected, any analytic function on £' is uniquely determined by its Taylor series at 
the point (1181) . Therefore, the identity D x (B) — D t (A) + [A, Bl = is equivalent to the following 
equation in the space 2U(a) A 

(30) ^ Nt® D x ( gi ) -J2 M j ® D t(fj) + Y} M *> N A ® /i« = °' 

Since 91 is a free Lie algebra generated by Mj, N/, one can consider the homomorphism r : 91 — » 2U(a) 
given by r(M,) = M„ r(N,) = N h 

Equation (I5UI) says that the kernel of r is Z-tame and, therefore, r(3) = 0. Thus r: 91 — > 2U(a) 
induces the homomorphism 91/3 — >■ 2U(a) such that <^(Mj) = Mj and y(N;) = -/Vj. 

Using the Taylor series of fj and gi, we regard the expressions 

as power series with coefficients in 91/3- 

Equation ([27]) implies D B (N) - A(M) + [M, N] = 0. Hence M, N constitute a formal ZCR. 
Let ifi: 2U(a) — >■ 91/3 be the homomorphism corresponding to this formal ZCR by Proposition [3J 
It is easy to check that the constructed homomorphisms <p: 91/3 —> QU(a) and ip: QU(a) — >■ 91/3 
are inverse to each other. Thus for any a £ £' the algebra 2U(a) is isomorphic to 91/3- Hence for any 
a, a' £ £' one has 2B(a) = 91/3 = 2H(a'). □ 

Remark 8. According to Section 12. 1[ in general the WE algebra is given by an infinite number 
of generators and relations. However, if the assumptions of Theorem [T] are satisfied, then the WE 
algebra is isomorphic to 91/3, which is given by a finite number of generators and relations. 

Indeed, the elements M 1; . . . , M ni , Ni, . . . , N„ 2 generate 91/3- Relations for these generators are 
given by e 1; . . . , e q £ 3 constructed in Remark [7J 

Example 1. To clarify the constructions of this section, consider a simple example in the case m = 1. 
Set u = u 1 . Let us describe generators and relations for the WE algebra of the equation u t = u xx . 

Similarly to (|T5|) . we regard u k = d u/dx as coordinates of the corresponding manifold £. For- 
mulas flTSD become D x = d x + ^2 k>0 u k+ id Uk and D t = d t + ^2 k>0 M fc+2<9 Ufc , where u = u. 
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For a Lie algebra £, a formal ZCR ( J24"l) at a point a & £ is given by formal power series 

oo oo 

A = ^2 A io (u - a y o , B= Bi^iuo-aoY'i^-a^ 1 , A io , B io>il G £, 

(31) D,(B)-A(^) + [A5] = 0, 

where the numbers a fc G IK determine the point a G £, similarly to f[18]) . 

It is easy to check that equation f[3Tl) is satisfied if and only if A, B are of the form 

(32) A — Mi ■ Uq + M 2 • 1, = JVi • m + N 2 ■ u + N 3 ■ 1 

for some Mj,N t G £ satisfying N x - M x = 0, [M^iVj = 0, A^ 2 + [M 2 ,A^i] = 0, [Mi,7V 2 ] = 0, 
[Mi,JV 3 ] + [M 2 ,N 2 ] = 0, [M 2 ,N 3 ] = 0. According to formulas (|32]i . one can apply Theorem Q] for 
£' = £,m = 2, n 2 = 3, /i = m , / 2 = 1, fl-i = Mi, S>2 = Mo, #3 = 1- 

By Theorem [U the WE algebra at any point a G £ is isomorphic to £K/3- Applying Remark [8] to 
this example, we obtain that the algebra £H/3 is given by the generators M 1( M 2 , N 1; N 2 , N 3 and 
the relations N x -Mi = 0, [M 1; N x ] = 0, N 2 + [M 2 , NJ = 0, [M 1; N 2 ] = 0, [M 1} N 3 ] + [M 2 , N 2 ] = 0, 
[M 2 ,N 3 ] = 0. 

According to the computations of P, [12} EU [29] and references therein, Theorem [1] is applicable also 
to the KdV, nonlinear Schrodinger, Landau-Lifshitz, Harry-Dym equations, and many other analytic 
evolution PDEs. Although the papers [6j [12j [2U [29] consider only smooth or analytic ZCRs, for these 
PDEs the computations essentially remain the same for any formal ZCRs f[24"|) . so one can apply 
Theorem [H In Section [3] we will show that Theorem [1] is applicable also to system (jSJ), if we rewrite 
this system as (J3"3"|) . f[34|) . 



3. The WE algebra of the multicomponent Landau-Lifshitz system 
For any m G Z> and m-dimensional vectors v = (v l ,...,v m ), w = (w l , . . . ,w m ), set (v,w) = 

In order to compute the WE algebra of system (jSJ), we need to resolve the constraint (S, S) = 1 
for the vector-function S = (s 1 ^, t), . . . ,s n (x,t)). Following [10], we do this as 

(33) s J = ; -, j — 1, . . . , n — 1, s — r, 

1 + {u, u) 1 + (u,u) 

where u = (u 1 (x, t), . . . , u n ~ l (x, t)) is an (n — l)-dimensional vector-function. 

We assume n > 3. The reasons for this assumption were explained in Section 11.21 
As is shown in [ID] , using (1331 . one can rewrite system (j2J) as 



(34) ii t = - 6(u, uA A 1 u xx + (-6(u,u xx )A 1 + 24(u, u x ) 2 A 2 - 6(u, u)(u x , u x )A 2 )u x + 

3 n_1 

+ (§{u x ,u xx )A~ l - 12(u,n x )(n 2; ,?i x .)A _2 )M+ - (V n + 4A~ 2 ^(^ -r„)(w J ) 2 )w a 



i=l 



where A = 1 + (u, u), and ri, . . . , r n are the distinct numbers such that R = diag (ri, . . . , r n ) in (j2J). 

Set w^, = for i = 1, . . . , n — 1 and k G Z> . In particular, w = w\ Similarly to (TT5j) . we regard 

as coordinates of the corresponding manifold £. Recall that u\ take values in K, where K is either 
C or M.. For simplicity of notation, we will write u l instead of Uq. 

Since the right hand-side of f[34l) contains negative powers of A = 1 + J2i( ul ) 2 ^ we introduce the 
following open subset £' C £ 

£ , = {(u i ,...,u n - i ,u\,...,ur 1 ,ui,...,ur 1 ,...)e£ I l+3«')Vo}. 
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System (l34|) is of the form 

(35) — = u{ + Gi (u\ u\,ul), j = 1, . . . , n - 1, 

and the functions G J (u i , u\, u l 2 ) are analytic on £' . 

According to Section^ in order to compute the WE algebra of (13~4"|) . we need to study the equation 

(36) D x (B)-D t (A) + [A,B] = 0, 

A = A(u\ n"" 1 ), B = B(u\ u n ~\ u\, . . . , <"\ u\, . . . , u^ 1 ). 

Here A, B can be either smooth functions with values in a Lie algebra £ or formal power series with 
coefficients in £. 

In the case of smooth functions, we assume that A, B are defined on a connected open subset of £' . 
In the case of formal power series, one has 

A= ^n-in-itV ~~ a o) n • • • ( M " 1 ~~ a o 1 ) l ™~ 1 , -*4ii...i n _i £ £, 

ii,...,i»_i>0 

and B is a power series in the variables u % — a l Q , u\ — a[, u\ — a 2 for some fixed numbers a\ G K 
satisfying 1 + E^Vo) V 0. 

We will show that in both cases equation (I3"B"I) implies that A, B are of the form 

A = y ^M j ■ f)(u l ) } B = £ jV, • <? z ( W >i,4), Mf, A 7 / G £, 

i=i ;=i 

for some functions fj(u l ), gi(u l ,u\,u 2 ), which are certain polynomials in s m , D x (s m ), D x (s m ). Here 
s m = s m (u l ) for m — 1, . . . , n are given by fl33|) . In particular, the functions fj, g\ will be analytic 
on £', so we will be able to use Theorem [TJ 

Differentiating equation fl36|) with respect to u l 3 , we see that B is of the form 

n-l 

(37) B = J24A u * + F, 

i=l 

where F may depend only on and u\. Here and below, the subscripts u % denote derivatives with 
respect to u l . That is, A u i = dA/du\ 
Then equation (136]) becomes 

71-1 n_1 / BF \ 

(38) ^ u 2 u{A^ + [<F U3 + ui— - G j A u j + u J 2 [A, A u3 ] ) + [A, F] = 0, 



where C7- 7 is defined by ( 1341) . ( 1351) and satisfies 

(39) =A- 1 (- 65^ V u fe u? - 6mX + 6m> jN ) V j, i 

z fc 

Differentiating (I3"8"j) with respect to u % 2 and using ( I3"9"j) . one gets 

n-l 



(40) — = - ^ («{A^ + A" 1 fay ]T u*u? + 6wVi - 6u> J ) A^) - [A, A u <] 

Integrating equations (H0|) with respect to w^, we obtain that F is of the form 

(41) F = -~ + 12m* A -1 Aui) + ^SA- 1 ^) 2 ^- + ^V^, A] + # ; 



2 

1 „,2 „,n-l 



where if may depend only on u , u , . . . , w 
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Substituting (I4TT) in ( 138]) . we see that the left-hand side of (138]) is a third degree polynomial in u\. 
Equating to zero the coefficients of u^u^vii of this polynomial, one gets the following equations 

A u i u i u i = 6 A 1 1 ^ ] u k A u i u k — 2u l A u i u i — v4 u i j + 
^ k ' 

+ 12A~ 2 ( ^ u^u^ A u k + (u, u)A ul - 2 2 ) Vi, 
A u i u i u h = 2A 1 1 u k A u h u k — Au l A u i u h — A u u — 2u h A u i u i j + 

+ 4A- 2 ^«V4*-4n i u' l 4, - 2(u i ) 2 A uh + (u,u)A uh J Wi^h, 



(42) 



(43) 



(44) 



+ 8A~ 2 (-u^A^ - u i u h A u j - u'u 3 A u h) Vi < j < h. 



Proposition 4. Let A = A(v}, . . . ,u n *) be either a smooth function with values in a Lie algebra £ 
or a formal power series with coefficients in £. Then A satisfies 0421) . (j43j) . (1441) if and only if 

n 

(45) A = C + J2Cis l 

i=i 

for some C , C\, . . . , C n G £. Here the functions s l = s^u 1 , . . . , u n ~ l ) are given by (I3"3"j) . 

Remark 9. We would like to explain how one can guess that A in (1361) must be of the form fT4o^) . 
Since the original system (T5]) is written in terms of 5* = (s 1 , . . . , s n ), it is natural to expect that A can 
be expressed in terms of s l . Then the simplest possibility is that A depends linearly on s l . According 
to Proposition HI this natural guess turns out to be correct. 

For n = 3 some analog of formula (|4"5l) appears in the description of ZCRs of the classical Landau- 
Lifshitz equation [24]. 



Proof of Proposition |H We regard (]42l . f]43"]) . (jUJ) as PDEs for A = A(u x , . . . , u n ~ l ). Let us compute 
some differential consequences of these PDEs. 

Denote by R(i) the right-hand side of (|42|) and by R(i,h) the right-hand side of fj4"3]) . For any 
i 7^ h, let us differentiate equation (1421) with respect to u h and equation (]4"3"]) with respect to u l . One 
gets 

(46) A u i u i u i u h = — — yRii^j , A u i u i u h u i = — r (^R(i, h)j . 
Since A u i u i u , u h = A u i u i u h u ,, equations (146]) imply 

(47) ^( B(i) ) = _fL(fl M) ) v ^ ft . 

Equations ( 1471) are PDEs of third order for A. Let us replace the third order derivatives of A by 
the right-hand sides of ( 142]) . ( 143]) . ( 144"j) . Then equations ( f47j) become PDEs of second order. It is 
straightforward to show that the obtained system of second order PDEs is equivalent to 

(48) A u i u h = -2 A' 1 (u h A u . + tfAyh) Mi^h. 

Since R(i,h) is the right-hand side of (143]) . one has A u i u i u h = R(i,h). Differentiating ( 148]) with 
respect to u l and replacing A ulu h ul by R(i, h), we obtain 

(49) R(i,h) = — 2A- 1 (u h A ul +u i A uh )j Vi^h. 
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Using OH]), in (|H?|) we can replace A uJu i by — 2A~ 1 (u l A uJ +u ] A u i) for any j ^ I. As a result, one gets 
(50) (/W - A uJu3 ) + 4A- 1 {u l A u , - u J A uJ ) =0 Vi^ j. 

Consider first the case when A is a formal power series with coefficients in K. 
Lemma 2. Let aj, . . . , aJJ -1 £ IK oe such that 1 + X]j( a o) 2 7^ 0. ^4 formal power series 

(si) a = A ^-M - a l) 11 ■ ■ ■ k -1 - or 1 )*- 1 . V~<» , G K, 

ii,...,t n _i>0 

safe/^es (PJ, (jHD zjfA = 6 + ELi & ^ for some b ,h,.. . , b n £ K, where = s'fV, . . . , n"" 1 ) 
are gwen 6y f )33|) . 

i/ere we regard the functions s l = s^u 1 , . . . , u ra_1 ) as power series, using the corresponding Taylor 
series at the point u % = a l . 

Proof. Let V be the vector space of formal power series (154]) satisfying (|42|) . (1431) . ( jUj) . If A £ V 
then A obeys also (jl8l). (IBOj) . Let A £ V be given by ([SID ■ According to ([42]), (gSJ), (Eg]), any third 
order derivative of A is expressed in terms of lower order derivatives. Therefore, if Aj 1 ...i ri _ 1 = for 
all ii, . . . , > such that i\ + ■ ■ • + i n -i < 2, then A = 0. 

Combining this with (14"8|) . ( 15T)]) . we see the following. If A 2 o...o — and Aj 1 ...j n _ 1 = for all 
ji, • • • , jn-i > satisfying j x -\ h j n -i < 1, then A = 0. 

Thus any power series A £ V is uniquely determined by the coefficients 

A20...0, An...i„_!, ji> • • • > Jn-i > 0, ji H hjn-i < 1, 

hence dim V < n + 1. It is easy to check that the functions 

(52) 1, s 1 ^.-.^ 1 ). sV,...,*"- 1 ), •••> sV.-.-.ti"- 1 ) 

satisfy PDEs (142 p . ( 143]) . (144]) . The functions ( 152]) are linearly independent over IK and are analytic on 
a neighborhood of the point u l = a l . Therefore, the Taylor series of the functions (|52|) are linearly 
independent and belong to V. Since dim V < n + 1, this implies the statement of the lemma. □ 

Now let us study the case when A is a smooth function with values in K. 

Lemma 3. Consider the space IK™ -1 with the coordinates u , . . . ,w n_1 and the open subset 

{(u\...,u n - 1 ) eK"" 1 I 



U 



Let W be a connected open subset ofU. A smooth K-valued function A(v}, . . . ,u n *) on W satisfies 
@2D, ®, dH iffA = b + ZLibis l forsomebo,b 1 ,...,b n EK. 

Proof. If IK = C, then, according to the assumptions of Section I2TTI the function A(v}, . . . ,w n_1 ) is 
analytic and the statement follows from Lemma [2j 

Consider the case K = R. Since the functions §2^ satisfy PDEs (l4"2"]l . ( 143]) . (fH) . we see that 
60 + Ym=i bis 1 obeys these PDEs for any bo, . . . , b n £ IK. 

Suppose that a smooth function A = A(u l , u n ~ l ) on W satisfies (S2J) , ((43]), (144]) . 

Let p £ W . Applying Lemma [2] to the Taylor series of A at the point p £ W, we obtain the 
following. There are b , . . . , b n £ K such that the function A = A — b — J2i satisfies A{p) = 
and all partial derivatives of A vanish at p. It remains to prove that A(p') = for any p' £ W. 

Since W is connected, there is a smooth map (p: [0, 1] — > W such that yj(0) = p and <£>(1) = p', 
where [0, 1] C R is the unit interval. Set 

dA d 2 A 

My) = M ( f(y)), My) = Q-{v(y)), z = i,...,n-i, ^(3/) = ^rW)' z/g[o,i]. 

Since A satisfies ([32]) . (|13"]L fl4"4D . (gg]) , (15U]) . the function A obeys these PDEs as well. According 
to (|42l) . fj43l) . f|44]) . any third order derivative of A is expressed linearly in terms of lower order 
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derivatives of A. Equations (|4"8"]) . f )50|) say that any second order derivative of A is expressed linearly 
in terms of A u i, . . . , A u n-i, A u i u i. 

This implies that ipQ, . . . , if) n satisfy some linear ordinary differential equations 



(53) -j 1 = ^2gij(y)ipj(y), i = Q,l,...,n. 

^ 3=0 

Since ipj(0) — for all j — 0, 1, . . . , n, equations (153]) imply ^ (1) = 0. Hence A{p') = ipo(l) = 0. □ 
Return to the proof of Proposition HI 

Consider the case when A is a smooth function with values in £. That is, A belongs to the tensor 
product £ ®k Ao, where Aq is the space of K-valued smooth functions in the variables u 1 ,. . . , u n ~ x . 

There are linearly independent elements Ex, . . . , E q e £ such that A = Yll=i E r ® A r for some 
A r e Aq. Then A satisfies PDEs (g2D, (03D, (01 iff for all r = 1, . . . , g the function A r obeys these 
PDEs. Then formula (145)) follows from Lemma [5] applied to A r . 

Finally, it remains to study the case when A is a formal power series 

A = ^i-n-V - 4r ■ ■ ■ {u n - X - ar X ) in -\ e £ 

H,...,i„-l>0 

Denote by V C £ the vector subspace spanned by Aj 1 ^^ n _ 1 for ji + ■ ■ • + j n -i < 2. 

Let Dx, . . . , D q be a basis of V. Equations f ]4"2"]) . ( )4"5p . OH]) imply that A il ___ in _ 1 e 1/ for all ij, . . . , i n _i. 
Therefore, A obeys ( 142)) . (I43p . ( 144)) iff A is of the form A = YH=i D r A r , where A r are power series 
with coefficients in IK and satisfy ( 14"2]) . ( 143)) . OS]). Then formula (14"5]) follows from Lemma [2] applied 
to i r . □ 

Recall that the left-hand side of (155)) is a third degree polynomial in t^. As we have shown above, 
the coefficients of u^ufu^ of this polynomial vanish iff A is of the form (145 p . Therefore, from now 
on we can assume that A is given by (145 p . 

Substituting (T45l) in (j4"Ij) and (138]) . one obtains that the coefficients of u^u 1 ^ in (138]) vanish iff 

(54) [C o ,C fc ] = 0, k = l,...,n. 
Equating to zero the linear in u\ part of (1551) . we get 

„ n n 

(55) H u3 = -J2 nC k {sfs k uJ - P*' ^ 

i,fc=l i,m,fc=l 



Recall that the subscripts w J denote derivatives with respect to uK So, if nJ = dH/du^ and s*- 
ds k /du j . 

Differentiating (155]) with respect to one obtains 



„ n n 



3 

i,fe=l i,m,fc=l 

Since = H u h u j, equations ( 156]) imply 



j,m,fc=l 



(57) [Cj, [C m , Cfe]] (s^s^s* — s^s^ h s fc + s's^s^h — — 

n 

= 3 ^nCk^s^ -s'sls^), j,h = l,...,n-l. 



Lk=l 
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Substituting ( 133]) in ( 1571) . we obtain that equations ( |571) are equivalent to 

(58) [QJC^C^O, i^j^k^i, i,j,k = l,...,n, 

(59) [C J ,[a,C fc ]]-[c7„[q,c7 fe ]] = (r J -r,)C , fc , i 7^ fc, ;V &, i, J, * = 1, • • • , n. 
Set 

(60) n = [C 2 , [C 2 , C x \] + r 2 d, Y m = [d, [d, CJ] + r x C m , m = 2, 3, . . . , n. 
From (1391, pO]) it follows that 

(61) r,- = [d,[a,d]]+r-id Vi^j, z,j = l,...,n. 
Using ( 1581) . ( IBTI) . and ^(s 1 ) 2 = 1; Si s * s uj = ^' we can rewr ite ( 1551) as 

(62) ^ = ^nsjj + - nCkisfs^ + ]T TiC^s", j = 1, . . . ,n - I. 

k=l i,k=l i,k=l 

Integrating equations (162]) with respect to u* , we see that H is of the form 

n i n 

(63) H = y k s k + - M 2 + d+i for some C n+1 G £. 

fc=l i,fe=l 

Then equation ( 158]) reduces to [A, if] = 0. Using (145j) . (153]) ; (155]) . one shows that the equa- 
tion [A, if] = is equivalent to 

n n 

(64) [C , d+i] + s'[Ci, d+i] + = °- 

1=1 l,k=l 

To study equation (JS3J, we need the following lemma. 

Lemma 4. Recall that n > 3. If Ci, . . . ,C n & £ satisfy (155]) . ( 1591 t/ien 

(65) [C P> n] = -[C„y i) ], p, 9 =l,...,n. 
Proof Let / G {1, . . . , n} be such that I ^ p, I ^ q. By (1ST]) . 

(66) F p = [d [d Cy] + r,C p , K g = [d [d, CJ] + r«C 9 . 
Consider first the case p ^ q. Using the Jacobi identity and ( 158]) . we get 

[C p , [d [d C q ]\] = [[d, Q], [d d]] + [d [C p , [d d]]] = [[C p , Cj], [d, CJ], 
because [C p , [dj d]] = by (158]) . Similarly, one has [C g , [d [d, Cp]]] = H^?' ^z], [d, C p ]]. Therefore, 

[c p , rj + [c 9 , ry = [c p , [d [d cj] + r,[c p , cy + [c ? , [d [d cy] + r,[c ff , cy = 

= [c p , [d [d cy]] + [d, [d [d cy]] = [[c p , d], [c, cj] + [[c q , q], [a, cy] = o. 

Consider the case p = q. By (166]) . for p = q equation (165]) is equivalent to 

(67) [d,[d[dC p ]]] = 0, 
so we need to prove (16T]) . Applying add to (1591 . we get 

(68) [d, [d, [d, cy]] = [d, [Cj, [Cj, cy]], * ^ k, j^k. 

By the Jacobi identity, 

(69) [d, [d, [d, cy]] = [d, [d, [d, cy]] = -[d [d, [c fe , d]]]. 

Let m G {1, . . . , n} be such that m ^ p, m ^ I. Using (168]) . (]6"9~]h one obtains 

[Cp, [Ci, [Ci, Cp]]] = [Cp, [C m , [C m , Cp]]] = — [C m , [Cp, [Cp, C m ]]] = 

= —[C m , [Ci, [dC m ]]] = [d [C m , [C m ,Ci]]] = [d [C p , [C p ,Ci]]]. 
On the other hand, by (JBJJ, [C p , [C h [C h C p ]]] = -[Q, [C p , [C p , d]]]- Therefore, we get §7$. □ 
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Since [C;,Yfc] = — [Cfc,Y/] by Lemma HJ one has ^''[Cijli] = 0. Hence equation (1M]) reads 

n 

(70) [C ,C n+1 ]+J2s l [Ci,Cn+i} = 0- 

i=i 

Since 1, s 1 , s 2 , . . . , s n are linearly independent, equation ( 170]) is equivalent to 

(71) [C k ,C n+1 ] = 0, k = 0,1,2,..., n. 
Combining (155]), (157), (1¥T|), (pi), ([60]), (IS51), one obtains 

„ n 1 n 

(72) 5 = D 2 (A) + [D X (A),A] C k s k (D x ^)) 2 + - £ r t C k s k (sf + 

i,k=l i,k=l 

n 

+ ([C 2 , [C 2> d]] + riCjs 1 + ^ ([d, [Ci, C,-]] + nC,V + 

Thus we get the following result. 

Theorem 2. Suppose that n > 3. Lei 

A = . . . , B = B{u\ . . . , ui . . . , <-\ < . . . , wr 1 ) 

6e either smooth functions with values in a Lie algebra £ or formal power series with coefficients in £. 

Then A, B satisfy the ZCR equation D X (B) — D t {A) + [A, B] = for system (134]) z/ and only if A, 
B are of the form (jj%]) , (1721, w/iere C , Ci, . . . , C„+i G £ obey (151]) , (1581. (1591). ATI]) and the functions 
s l = s % (u 1 , . . . ,-u n_1 ) are given by (133]) . 

Theorem [2] implies that system (134]) satisfies the conditions of Theorem [1] This allows us to give 
the following description of the WE algebra of (134"]) . 

Theorem 3. Let n > 3. For any point a G £' , the WE algebra 2U(a) of system (134]) zs isomorphic 
to the Lie algebra given by generators po,Pi, ■ ■ ■ ,Pn+i and the relations 

(73) \po,Pi] = \Pn+l,Pl] = [P0,Pn+l] = 0, Z = 1, ... ,71, 

(74) \Pi,\pj,Pk]] = 0, i^j^k^i, i,j,k = l,...,n, 

(75) \pi,\pi,Pk]]-\Pj,\Pj,Pk]] = (r j -r i )pk, i^k, j ^ k, i,j,k = l,...,n. 

The algebra 221(a) is isomorphic to the direct sum IK 2 © £)(ti). Here q(ji) is the subalgebra generated 
by pi, . . . ,p n , and K 2 is the abelian subalgebra spanned by po, p n +\. 

Proof. Let fj be the Lie algebra given by generators Po,Pi, • • • ,Pn+i an d relations (173]) . (1741 . (175]) . 
From (173]) . (I741) . (175]) it follows that .f) is isomorphic to K 2 © 0(n), where $j(n) is the subalgebra 
generated by Pi, ■ ■ ■ ,p n , and K 2 is the abelian subalgebra spanned by p , p n +i- 

We are going to construct an isomorphism Sj = 211(a) similarly to the proof of Theorem [TJ In 
Section |2~1~] for any system (1141) . we defined a formal ZCR with coefficients in the WE algebra of (j!4p . 
Let A, B be the power series with coefficients in 2H(a) that determine this ZCR for system ([34]) . 

Applying Theorem[2]to £ = 2XT(a), we obtain that A, B are of the form (|4"5]) . (172]) for some elements 
Co, Ci, . . . , C n+ i G 21T(a). Since C , Ci, . . . , C n+1 G 2U(a) satisfy ([58]), ([59]), (J7TJ), one has the 

homomorphism (p: — > 2U(a) given by tp(pi) = Ci. 

On the other hand, by Theorem [2] the formulas A = p + ^^^Pis 1 and 

B = Dl(A) + [D X (A),A] PkS k {D x (s*)) 2 + - £ r lPk s k {sf + 

i,k=l i,k=l 

n 

+ ([P2, [P2,Pi]] + r 2 Pl)s 1 + ([Pl> [Pl'ft]] + r lP.?V +Pn+1 

i=2 
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determine a ZCR with values in $). Applying Proposition [3] and Remark [5] to this ZCR, we get a 
homomorphism ip: 2U(a) — > Sj. It is easy to verify that the constructed homomorphisms (p: Sj — > 
2U(a) and ip : 2U(a) — > S) are inverse to each other. □ 

Remark 10. Theorems [21 [3] imply that any ZCR fj45|) . (172|) with values in a Lie algebra £ determines 
a homomorphism 2U(a) — > £ given by (-> Cj. 

4. The explicit structure of the WE algebra 
Let q(ti) be the Lie algebra given by generators pi, . . . ,p n and the relations 

(76) \Pi,\Pj,Pk]] = 0, i^J^k^i, i,j,k = l,...,n, 

(77) \p h \pi, p k }} - [pj, [pj,Pk]} = (rj - n)p k , i^k, j ^ k, i,j,h = l,...,n. 

According to Theorem [31 the WE algebra of system (I34p is isomorphic to K 2 © d{n). To describe 
the explicit structure of g(n), we need some auxiliary constructions. 

Denote by gl n+1 (K) the space of matrices of size (n + 1) x (n + 1) with entries from IK. Let 
Eij G gl„ +1 (K) be the matrix with (i, j)-th entry equal to 1 and all other entries equal to zero. 

The Lie subalgebra so n) i C gl n+1 (K) was defined in Section [L2l It has the following basis 

Eij ~~ i < j < n, Ei jTl+1 + E n+ i t i, I — 1, ... ,n. 

From the results of [TUl [27] one can obtain the following so nj i-valued ZCR for system (T5]) 

(78) M = Y1 ^W.n+i + E n +i,i), 

i=l 

(79) N = D 2 X {M) + [D X (M),M] + (n + X\ + ^(S,RS) + ^(S X ,S X )^)M, 

D X (N) - D t (M) + [M, N] = 0. 

Here Ai,...,A„ G IK are parameters satisfying 0. If S = (s 1 ,...,s n ) is given by formulas fl33|) 
then ((^]), (J79J) determine a ZCR for system (jHD - 

Let us regard Ai, . . . , A n as abstract variables and consider the algebra K[Ai, . . . , A n ] of polynomials 
in Ai, . . . , A n . Let X C K[Ai, . . . , X n ] be the ideal generated by A 2 — A 2 + r { — Tj for i,j — 1, . . . , n. 

Consider the quotient algebra Q = K[Ai, . . . , X n ]/Z. If IK = C then Q is isomorphic to the algebra 
of polynomial functions on the algebraic curve (EJ). 

The space so n) i <8>k Q is an infinite-dimensional Lie algebra over K with the Lie bracket 

[Mi ® h, M 2 <g> h 2 ] = [Mi, M 2 ] ® M 2 , Mi , M 2 G so njl , hi,h 2 G Q. 

We have the natural homomorphism £ : K[Ai, . . . ,X n ) —> K[Ai, . . . , A n ]/X = Q. Set Aj = £(Aj) G Q. 
Formula ( 175]) suggests to study the following elements of S0 n> i <S> Q 

(80) Qi = {E ijn+1 + E n+1)i ) ® Ai, £ = 1, . . . , n. 

Denote by L(n) C S0 n> i <S> Q the Lie subalgebra generated by Qx, . . . , Qn- 
To construct a basis for L(n), we need to describe some properties of Q. 
Since A 2 — A 2 + r, — r 3 - = in Q, the element A = A 2 + G Q does not depend on z. 

Lemma 5. T/ie elements 

(81) A fc A h A fc A,A i; G {l,...,n}, z < j, k G Z> , 
are linearly independent over IK. 

Proof. Suppose that some linear combination of the elements ( IHTj) is zero in Q 

(82) ^a ifc A fc Az+ ^ b ljk X k X l X j = 0, ai k ,b ijk eK, 

l,k i<j 
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where only a finite number of the coefficients aik, hjk may be nonzero. Set 

#1 = ^a ife (A 2 + r 1 )% * 2 = b ijk {\ 2 x + r^XiXj, * = *i + * 2 . 

l,k i<j 

Since £(A 2 + ri) = A, the left-hand side of (|82j) is equal to £(*). Hence (1521) is equivalent to * G X. 

For I = 1, ... ,n, let pi be the automorphism of the algebra K[Ai, . . . , A n ] given by pi(Xi) = —A; and 
Pi(Xi) = Aj for all z ^ I. Obviously, pz(X) = X. 

One has (p x p 2 ■ ■ ■ p„)(*) = * - 2*i. Since f Gl,we obtain *i G X and * 2 = * - *i G X. Then 
the identity pj(*i) = *i - 2A Z ^ fe a lk {\{ + rx) fc implies 

(83) A^a^Af + nfel, Z = l,...,n. 

We have also p m (\l/ 2 ) = *2 — 2$ m for all m = 1, . . . , n, where 

$ m = A m ( b imk(X 2 1 + r 1 ) k X i + Yl b mjk(Xl + r 1 ) k X j \. 

i,k, i<m j,k, j>m 

Therefore, since \I/ 2 G X, one gets $ m G X. Then the identity 

Pi($ m ) = $ m - 2A m Ai b imk{Xl + n) k Wi<m, 

k 

yields 

(84) A m A i ^6 imfc (A? + r 1 ) fc GX Vz < m. 

k 

Suppose that aik 7^ for some I G {1, . . . , n} and /co G Z> . Then there exists q G C such that 

(85) ^Mcl + r^/O, cj + n-n^O. 

k 

Let c 2 , c 3 , . . . , c n G C be such that c 2 = c 2 + r\ — r q for q = 2, 3, . . . , n. Then c 2 — c 2 + r j — r - = for 
all i, j — 1, . . . , n. Therefore, P(ci, . . . , c n ) = for any polynomial P(Ai, . . . , A n ) G X. 

From (1551) we get q J^ fc a«fc(c 2 + ri) fc 7^ 0, which contradicts to (1531 . Hence = for all /, fc. 

Similarly, (1541 implies bi m k = for all k and i < m. Thus we have proved that equation (152]) yields 
a-ik = hjk — 0. Therefore, the elements (I5TT) are linearly independent. □ 



For i,j G {1, . . . , n} and k G Z >0 , consider the following elements of SO n) i ®k Q 

fij = ( E i,j ~ E j 



Qi 1 = {Ei,n+i + E n+1;i ) <g) A fc x Aj, Qf 7 fc = (Pjj — Pj,i) <S> A ' A,A ; . 



For z, j, Z, m G {1, . . . , n} and fci, fc 2 G Z >0 one has 

4- r A /T^i+k"- 1 ) t A /^(ki+fa-l) XriS /^(fci+fca-l) _ r n 2(k 1+ k 2 -l) 

(87) [Q 2k \ Q 2 ^- 1 } = %Qf 1+2fa - 1 - SaQf 1 ^- 1 - r 3 5 l3 Q 2k ^ +2k ^ + r.^Qf 1+2fc2 " 3 , 

(88) [Q 2k ^\ Qf 2 - 1 } = Qf 1+fe2 - 1} , [Qf 1 " 1 , Qf 2 - 1 ] = 0. 
Since Qj = Q< and Q 2k = -Q 2k , from (I5B|1 . (1571). (155]) we obtain that the elements 



'*7 ^J* 
-|2fc-l r^2k 



9) Qf" 1 , g 2fc , z,j,/G{l,...,n}, i<j, fceZ 



span the Lie algebra L(n). From Lemma [5] it follows that the elements ([59]) are linearly independent 
over K and, therefore, form a basis of L(n). 
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For k E Z >0 set L 2 k~i = span {Q 2 ^ 1 1 1 — 1, . . . , n} and L 2k = span {Q 2 ^ = 1, . . . , n}. Here 
and below, for elements v i, . . . , v s of a vector space, the expression span . . . , v s } denotes the linear 
span of v i, . . . , v s over K. 

Then from ( |86i) . ( 1H71) . ( 1551) one gets £(n) = -^i and C L i+ j + L i+ j- 2 . Thus the Lie 

algebra is quasigraded (almost graded) in the sense of J2TJ E7j. Note that the algebra L{n) is 
very similar to infinite-dimensional Lie algebras that were studied in [251, [27] . 

It is easy to check that Qi satisfy relations (!76|) . ( I77|) . if we replace pj by in these relations. 
Therefore, one has the homomorphism 

(90) (p: g(n) ->■ L(n), <f{Pi) = Qi, i = l,...,n. 

Theorem 4. For a// n > 3, i/ie homomorphism f[9"Uj) zs an isomorphism. Thus g(n) is isomorphic to 
L(n). 

Proof. In the case n = 3 this was proved in [21] for a different matrix representation of F(3). 
Define a filtration on F(n) by vector subspaces L m C F(n) for m e Z>o as follows 

L° = 0, L 1 =span{Qi,...,g n }, L m = L l + for to > 1. 

i,.j>0, i+j<m 

One has L m C L m+1 for all m E Z> and L(n) = [j m L m . 

Since the elements (1591 are linearly independent, from (1561) . (157|) . (155|) it follows that for all q E Z >0 

• the elements Qf^ 1 , Q 2d , i,j, I E {1, . . . , n}, i<j,l<d<q, form a basis of L 29 , 

• <5? dl_1 , Qt? 2 , i,3,l G {1, • • - ,n}, z < j, 1 < d x < q, 1 < d 2 < q- 1, form a basis of L 2s_1 . 
This implies for all m > 

(91) dim (r/L™- 1 ) = ( , n ' * m * ° dd ' 

v ' I n \ n — il m is even. 

Consider a similar filtration on g(n) by vector subspaces g m C g(n) 

0° = 0, g 1 = span {p 1? . . . ,p n }, g m = g 1 + [g*, g J ] for m > 1. 

i,.j>0, i+j'<m 

Clearly, 

(92) <^(g m ) = L m Vme Z> . 

Combining (I9"2"j) with (1911) . we see that it remains to prove for all m > 

n, if m is odd, 
n(n — l)/2, if m is even. 

Indeed, if (193]) holds then properties (1911) . (1921) imply that is an isomorphism. 

For n = 3 the statement (1931) was proved in [21]. Below we suppose n > 4. For e Z>o, set 

P 2fc = ( a d Pi ) 2k ~\ Pj ), i,j = l,...,n, 

P 2 *" 1 = (adp 2 ) 2fc - 2 ( Pl ), P 2 *" 1 = (ad Pl ) 2fc - 2 ( W ), I = 2, 3, . . . , n. 

We will use the following notation for iterated Lie brackets of elements of g(n) 

(94) [e x e 2 . . .e s _i e s ] = [ei, [e 2 , • • • , [e s _i,e s ]] . . .], ei, . . . ,e s E g(n). 

In such Lie brackets, for brevity we replace each pi by the corresponding index i. For example, 

(95) [ii\jjk\lk\ = [p u [pu [\pj, [Pj,Pk]}, \pi,Pk\]\], = k^j], 

2k-l 

(96) Pl k ~ l = [^21], P™- 1 = [1^11], Z = 2,3,...,n. 

2k-2 2k-2 



(93) dim (Q m /Q m - 1 ) < | 
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For Vi, V 2 G g(n) and m G Z> , the notation 

(97) Vi = V 2 mod g m 

means that V\ — V 2 G m . The following lemma is proved in Section [6j 

Lemma 6 (Section [6]). Let n > 4. Let be distinct integers from {1, . . . ,n}. Then for all 

ki, k 2 G Z> one has 

(98) [[i...ij][i...ij}} = 0, in particular, [Pf kl+1 ,Pf k2+1 ]=0 mod g 2fcl+2fca+1 , 

2fci 2fc 2 

(99) P m+k 2+ i) _ _ p 2( kl+k2+ i) mod g2fcl +2 fc2+ i ) 

(100) [i^if^ 2 ] = mod g 2fcl+2fe2+1 /or ^ > 1, 

(101) [P^+\ Pf 2+1 ] = P ^ +k ^ mod gU*+»»+\ 

(102) [if fcl+1 , if* +2 ] = i^+ fc2 )+ 3 mod 2/c 1+ 2 fe2+2; 

(103) [Pf fg? +2 ] = mod g 2 ^ 2 ^ 2 , 

(104) [^j fcl ,^ +2 ] = mod g 2fcl+2fe2+1 for h>l, 

(105) [^ fel) ^ 2+ 2]__p^ 1+ fe+i) mod s 2 fel+2fc2+ i /orA;i > L 

From Lemma O by induction on G Z>q, we obtain that 



the elements P? d l , Pf d , I G {1, . . . , n}, i < j, I < d < k, span the space g 2fc , 
P? dl ~ l , P?f 2 , i, j, I G {1, . . . , n}, i < j, 1 < d 1 < k, 1 < d 2 < k - 1, span the space g 



2fc-l 



which implies (1931) . □ 



Remark 11. Clearly, formulas (1781 . (179]) can be regarded as a ZCR with values in the Lie alge- 
bra L{n). Then formula (178]) becomes M = s*Qi, where Qi G £(™) is given by flHUj) . The 
homomorphism ([9"U]) corresponds to this ZCR by Remark [TU1 

5. MlURA TYPE TRANSFORMATIONS 

The definition of Miura type transformations (MTTs) was given in Section 11.21 In the present 
section we assume that all functions take values in C. 

Since the matrices (178"]) . (1791 form a ZCR for ([2]), the following system is compatible modulo ([2]) 

(106) W X = M T ■ W, W t = N T ■ W, 

where W = (w 1 (x, t), . . . ,w n+1 (x,t)) is a column-vector of dimension n + 1 and M T , iV T are the 
transposes of the matrices M, N given by (178]) . (1791 . 
Using (178]) . (1791 . we see that equations (11061) read 

n 

(107) wi = \ i s i w n+1 , i = l,...,n, < +1 = ^A iS V, 

^ = W +1 (4, + s * (n + a 2 + i<5, rs) + 1(5;, + 

n 

+ ^ XiXjW j [s^s 1 - sis j ) , i = 1, . . . , n, 

(109) < +1 = W S L + sJ (n + A? + » (5, AS> + -(S x , S x )) . 

3=1 v / 

Here Ai, . . . , A n G C are parameters satisfying ([3]). In this section we assume A, 7^ for all i. 



(108) 
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To construct MTTs for (j2J), we are going to use some reduction of system (11071) . (11081) . (11091) . 
Equations (ITU7|) . f TTUB"]) . dT09|) imply 

mo) ^(k +i ) 2 -em 2 )=o, |(m ! -em ! )=». 

Therefore, we can impose the constraint 

n 

(in) K +1 ) 2 = EM 2 

i=l 



Set 

(112) v l = w i /w'"^ x , z = l,...,n. 
From (fTTT]) . (fTT2]) one gets 

(113) tW a = L 

i=l 

Since = w l /w n+1 , one has = w^/-u; n+1 — f Combining this with f ll07j) . we get 

n 

(114) u* = X i s i -v i ^2 / \ j s j v j , i = l,...,n. 

3=1 

Similarly, using the formula u| = wl/w n+1 — f*w" +1 /w n+1 and equations (11081) . (11091) . one obtains 

n n 

(us) ^a^+Ew^-^-^Ew 

+ (n + A 2 + -(5, + - (S x , S x )) (V -</]T V si ) > i = 1, • • • , n. 

i=i 

Using equations (11141) . we want to express (at least locally) the functions s l in terms of Xj, v\ v^. 
Locally one can resolve the constraint ^j=i( s "') 2 = 1 by taking s k = wl — X^fc( s *) 2 f° r some k E 



{1, . . . , n}. Here and below, we choose a suitable branch of the multivalued function y 1 — X^fc( s *) 2 - 
For simplicity of notation, assume k — n. (The case k ^ n can be studied analogously) Then 



Similarly, on a neighborhood of the point t; 1 = v 2 = ■ ■ ■ = v n 1 = 0, v n — 1, equation ( 11131) is 



equivalent to t> n = »/l — X)?=i ( vJ ') 2 5 anc l syst em (HI 41) becomes 



J 3 



n-1 

116) < = - v< V v ~ 

3=1 



n-1 



n-1 



l-^(^) 2 , z = l,...,n-l. 



Denote by a* = a l (Ai, . . . , A n , t> . . . , v n 1 ,s 1 , . . . ,s n x ) the right-hand side of ( 11161) . 

For v 1 = ■ ■ ■ = v n ~ l = we have — — = <5j 7 Aj. Recall that Aj 4^ 0. Therefore, by the implicit 

function theorem, on a neighborhood of the point v 1 = • • • = v n ~ 1 = from equations ( 1 1 1 6 j) we can 

express 

(117) s { = R i (\ 1 ,...,\ n ,v j ,vi), i = n-1. 
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Combining (II 17ft with the formula s" = Jl- Y^=i ( sJ ) 2 > one g e ^ s 



n-i 2 



(118) s n = l-J2(R j (^---^n,vi,vl) 
Substituting fl!17p . f II 1 8 j) to f 1 1 1 5 j) . we obtain an evolution system of the form 

n 

(119) v* = P*(A 1; . . . , A n , v\ vl, 4 X , vi xx ), i = l,...,n, J> 4 ) 2 = 1. 

i=i 

System (11191) is connected with (j2J) by the Miura type transformation fll lTj) . flll8j) . 

Note that for system (j2J) many solutions are known [2]. Therefore, it makes sense to describe how 
to construct solutions for fll 1 9 j) from solutions of fj2]). 

Recall that (11191) is obtained from (11131) . HI 14)) . fll 15)) by eliminating s\ Hence we need to describe 
solutions v t of system ( 11131) . ( 11141) . ( 11151) for a given solution s 1 , . . . , s n of (j2j). We can use the fact 
that system (fTTSl) . 0x141) . ([TT5] is obtained by the reduction ffTTTl) . (ITT2I) of (|TD5)I . 

So let us fix a solution 5 = (s 1 (x,t), . . . , s n (x,t)) of (|2j). Then system ( 11061) is compatible and is 
equivalent to a system of linear ordinary differential equations (ODEs). Indeed, one can first solve 
W x = M T ■ W as an ODE with respect to x, treating t as a parameter. Then one can substitute the 
obtained solution to the equation W t = M T ■ W, which is an ODE with respect to t. 

Suppose that the functions s l (x, t) are defined on a neighborhood of a point (xo,to). For any 
Zi, . . . , z n+ i G C satisfying 

n 

(120) (z n+1 ) 2 = ]>>,) 2 , z n+1 ^ 0, 

i=i 

consider the solution w 1 , . . . , w n+l of the linear system ( 11061) with the initial condition w^(xq, to) = Zj. 

From piO)) . (11201) it follows that w j obey ffTTTl) . Since w n+1 {x , t ) = z n+i ^ 0, one has w n+1 {x, t) ^ 
on some neighborhood of (x ,t ). Then v l (x,t) given by fll 12)) satisfy (11131) . (11141) . fll 15)) . 

For example, suppose that s l are constant, i.e., do not depend on x, t. Then S = (s 1 , . . . , s n ) is a 
constant solution of (j2J). Since sj, = 0, from flTHI) . (!79|) we see that equations (1 106)) read 

= Mf, W t = NW, M = Y, j\ (E itn+1 + E n+lii ) , iV = (n + A 2 + - (5, M. 

i=l 

Since [M, iV] = and the matrices M, N do not depend on x, t, one has 

W = e ( x - x o)M+(t-to)N . ^ 

where Z — (zi, . . . , z„+i) is a column- vector satisfying ( 1120)) . The corresponding functions v l (x, t) are 
given by (11121) . where w % are the components of the vector W. 

Remark 12. It is well known that vector field representations of the WE algebra of an evolution 
PDE often lead to Backlund transformations. Let us show that the Miura type transformations 
constructed above correspond to some vector field representations of the WE algebra of (j2j). 

The constructed MTTs are determined by system ( 11141) . (11 15)) . which is compatible modulo (J2J). 
Let a l (\[, v l , s l ) be the right-hand side of f ll 14)) and & J (A/, v l , s l , s l x , s l xx ) be the right-hand side of f 1 1 1 5 p . 
Set 

(121) A = J2 a'(A«, v\ s 1 )—, B = J2 6*(Ai, v\ s\ s l x , s l xx )—. 

i=i i=i ' 

Then compatibility of system f ll 14)) . f 1 1 1 5 p is equivalent to the equation 

(122) D x (B)-D t (A) + [A,B} = 0, 
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where D x , D t are the total derivative operators corresponding to system (j2J). 

Let D be the Lie algebra of vector fields on the space C n with coordinates v 1 , . . . ,v n . That is, D 

Q 

consists of vector fields of the form V"™, hHv 1 ,..., v n )-—-. 

~~ ~ dv l 

Equation (I122p says that formulas (11211) can be regarded as a ZCR with values in D. By Remark [TP] 
this ZCR determines a homomorphism from the WE algebra of (J2]) to D. The homomorphism is given 
by 

d n d 

(123) p H> 0, p n+1 i y 0, pj h> ^jQ— ~ \ v ° ^2 V% ~Q^V j = 1, . . . , n, 

where po,Pi, • • • ,Pn+i are the generators of the WE algebra described in Theorem [3j Note that the 
vector fields (11231) are tangent to the submanifold given by equation (11131) . 

6. Proof of Lemma 

We prove Lemma El by induction on k\ + k 2 . For ki + k 2 = (that is, k\ = k 2 = 0) the statements 
of Lemma E] follow easily from (I75T) . (1771) . Let m e Z> be such that the statements ( I9"gj) - (I105I) are 
valid for k\ + k 2 < m. We must prove (|98|) - (I105I) for fci + k 2 — m+ 1. 

Below / e {1, . . . , n} is such that I ^ i, I ^ j . In what follows, the symbol "=" denotes equality in 
the usual sense, and the symbol "ee" is used in the sense of ( )97j) . 

Also, we often use the following property. If V\ = V 2 mod Q r for some r 6 Z> and Vi, V 2 G fl(^), 
then [V3, Vi] = [V 3 , V 2 \ mod g r+r ' for any r' G Z> and F 3 e S r '- 

Proof of ([98]) . We continue to use the notation (|94|) . (195]) . (|96|) for Lie brackets of elements of g(n). 
For example, according to this notation, [iP 2q+2 \ = [pi,P 2q+2 ] and [PlP 2q+2 ] = [P/, P 2q+2 ]. 

By the induction assumption, for all q < m one has 

(124) [i^j] = \tP 2q+2 } = \PlP 2q+2 ] ee P 2q+3 mod g 2q + 2 , 

2q+2 

[Ui_^i,3\ = [H\PlPl q ]] = [IIP? +X \ = \l[P{P? +1 ]\ = [lPl q+2 \ = [PlPT 2 ] = P- q+ ' mod g 2q+2 . 

2q 

Since (I124p is valid for any i ^ j, we have also [L^_ Aj] = P^ q+S mod g 2q+2 . Therefore, 

2q+2 

(125) [Ui^j-j] = [%...% j] = [P^Jj] = Pj q+3 modg 2c,+2 Vi^j^l^i, Vg < m. 

2q 2q+2 2q+2 

Without loss of generality, we can assume k 2 > 1 in ( 198]) . By the induction assumption, we have 
[[i . . . ij] ^ — 3^] = mod g 2fc i+ 2fc 2-i_ Tj s i n g this and the Jacobi identity, one gets 

2fci 2k 2 ~2 

(126) [lii^Mi^j]] = + ee 

2fei 2fc 2 -2 2fci 2fc 2 -2 2fci 2fc 2 -2 

ee -[/[/^3J'][^3J]] mod 2fcl+2fc2+1 , 

2fei 2fc 2 -2 

Using (T1251) and (1x261) . we obtain 

(127) [[^3j][^3j]] = [[^3J][//^3J]] = -[[/^3j][/^3j]] + [lii^Mi^ij]} = 

2ki 2k 2 2fci 2fc 2 -2 2ki 2k 2 -2 2fci 2A: 2 -2 

2fci 2fc 2 -2 2fci 2£i 2 -2 2fci 2fc 2 -2 

ee [[lli^j]\i^J,j]] - 2[l[li^j]^A,j]] mod g 2fc i+ 2fc 2+l. 

2ki 2k 2 -2 2fei 2A: 2 -2 
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Since, by ffl"25l) . [lli^Aj] = mod Q 2kl+2 , from ( 11271) it follows that 

2fci 2fci+2 

(128) [[^Jltl^ii]] = lll^jWl^Sj]] - mi_^Sj}[L^j}} mod 2il • 2fe ' 1 . 

2fci 2A; 2 2fci+2 2A; 2 -2 2ki 2k 2 -2 

If &; 2 > 2, applying the same procedure to the term m equation ( I128p . one gets 

2£i 1 +2 2fc 2 -2 

[[L^SNi^Jj]} = llL^j>j}li_J>j}} - 2[l[li^ij}[^ij}] - 2[l[l L ^j,j}[ L ^j,j}} mod g 2k ^+\ 

2ki 2k 2 2ki+4 2fc 2 -4 2fci 2fe 2 -2 2fci+2 2fe 2 -4 

Thus, applying this procedure several times to the first summand of the right-hand side, we obtain 

k 2 

(129) = [[ ~ 2J2W i^j 3][i^J,j\] mod 2fcl+2fc2+1 . 

2ki 2k 2 2(fci+fc 2 ) 8=1 2(fci+s-l) 2(fc 2 -s) 

By the induction assumption and (I125p . one has for all s = 1, . . . , & 2 

[[I ^3 = [[PlPf^-^Pl] = [P/f 1+s) P/] ee mod g 2 ^ +s \ 

2(fei+s-l) 

Therefore, 

(130) [/[/ z_^3 j][i^4 j}} = [I l^4[l j]j] = -[li^4jl j] mod g 2kl+2k2+1 . 

2(fci+s-l) 2(fc 2 -s) 2(fe 2 -s) 2(fci+s-l) 2(fc 2 -s) 2(fci+s-l) 

By the induction assumption and (I125p . 
(131) 

[I ^3 j] EE [PlPf^ 1 } EE [p^+*>] = -[P/Pf^ 1 ^- 1 ] EE -\j I] mod g 2 ( fe l+ s )- 1 . 

2(fci+s-l) 2(fci+s-l) 

Using fTT30|) . f TTBTj) . and (TT25]) . we obtain 

(132) [i[i = -[i i^ji ^3 j] = [i i^jj i^j, i] = 

2(fci+s-l) 2(fc 2 -s) 2(k 2 -s) 2(fci+s-l) 2(jfc 2 -s) 2(fei+s-l) 

= [I L-j>\j3 L^S l W = l l i_^[i_^J, I}} = [I 1} mod Q 2k ^+ 2k *+\ 

2(k 2 -s) 2(fei+s-l) 2(fc 2 -s) 2(fei+s) 2(fci+fc 2 ) 

Combining H132j) with (I129p . one gets 
(133) 

[[L^iMi^ij]} = -\j L^J> j] - 2k ^ 1 L^S l 1 mod & 2ki+2k2+1 va*, fc 2 , a* + a; 2 = m + 1. 

2fci 2fc 2 2(fci+fc 2 ) 2(fci+fc 2 ) 

For ki = and fc 2 = m + 1, equation (11331) implies 

(134) = ~(m + mod g 2k ^+ 2k ^+\ 

2m+2 2m+2 

Since we assume n > 4 in Lemma [6j there is b G {1, . . . , n} such that b^i,b^j,b^l. Since (1134j) 
is valid for any i ^ j ^ I ^ i, we get also 

(135) Ui^Aj] = -(m + l)[6i_^3&], [Zi_^J,Z] ee -(m + mod g^ 2 ^ 1 . 

2m+2 2m+2 2m+2 2m+2 

Using (I134p . (I135p . one obtains 

(136) (m+ l)[bi^J,b] = -[j^Jj] ee (m + = -(m + l) 2 [bi^J,b] mod 2fc i+ 2fc 2+ 1 . 

2m+2 2rra+2 2m+2 2m+2 

Equation (I136p implies [bi^^^ib] = mod g 2fc i+ 2fc 2+i_ C om bing this with f)133p . (I135p . we obtain 

2m+2 
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Proof of (1991) . By the induction assumption and properties (1981) . (!76l) . ( 1771) . 

= = mod s 2m+1 ' 

2m + 1 2m+l 2 m 

[[zzj]j] = mod q 3 , [iij] = [llj], [jji] = [Hi] mod g 2 , [ilj] = 0. 

Using this, one gets 
p 2{k 1+ k 2 +i) = = [Hi^j^j] = -[U^ji] = = 

2m+3 2m+l 2 m+l 2m 

2m 2m 2m 2m 2m 

= ii^mm = -\^im = -^^m = - p f 1+fc2+1) mod 2fei+2fc2+i . 

2m 2m 2m 

Proof of (jTOOl) . By the Jacobi identity and (EHD, 

(137) [if \if 2+2 ] = [[^3i][^i]] = [[[^JiM^j]] + [i[i_^ij][L^j]] = 

2fci-l 2fc 2 + l 2fci-l 2fc 2 2fci-l 2fc 2 

= - [[i^ij] [i^Jj]] + j] [i^jj]] = mod d 2 ^+ 2k ^\ 

2fci 2fc 2 2fci-l 2fc 2 2fci-l 2fc 2 

By the induction assumption and (I125p . 

(138) [[i^j][i^j,3]] = [if^Pf 2+1 ] = P 2(fcl+fc2)+1 mod s 2fc i+ 2fe 2 . 

2k L -l 2fc 2 

Using f lTBTj) . 0138]) . and ([98]), we obtain 

[if \if 2+2 ] = = [ z p 2 ^ +k ^ +1 ] = [pij^i+feO+i] = o mod 0^+^+!. 

2fci-l 2fc 2 

Proof of f llOip . By (I125P and the induction assumption of (I103p . for any qi, q 2 G Z> such that 
qi + qi < m, one has [[l^Ji^L^j]] = [if 91+ \ P^ 2+2 ] = mod 2 <?i+ 2 ^+ 2 . For h +\ = m + 1 

2<?i 2g 2 + l 

this implies 

(139) [[LJi][ j]]eO, [[y f M j']]=0 mod 2fel+2fc2 Va, < s < fc 2 . 

2fei+2s 2fc 2 -2s-l 2fci+2s+l 2fc 2 -2s-2 

Using f )139p and the Jacobi identity, we get 

(140) = -[[i^mi^lj]} = 

2fci 2fc 2 2fci+l 2fc 2 -l 

= [[L^illL^j]] = ■■■ = [[ = ~[J LJ, »1 mod ^+^+i. 

2fci+2 2fc 2 -2 2(fci+fc 2 ) 2(fci+fc 2 ) 

Combining (I140p with (I125P and fl99|) . one obtains 
[i? fcl+1 ,if = [[^Ji][^Jj]] = -\j L^S i] = 

2ki 2fc 2 2(fci+fc 2 ) 

= _\j j . . .j i] = -pf^+V = p2(*i+*2+l) mod 2 fcl+2fc2 + l_ 

2(fci+fc 2 ) 

Proof of (I102p . Consider first the case k\ = 0. For j 6 {1, . . . , n}, set 

1, ifjVl, 



J 



2, if .7 = 1. 
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If i = j then [if fel+ \ if fc2+2 ] = [ii^j] = l^J j] = pf kl+k ^+ 3 for h = 0. 

2fe+l 2k 2 +2 

Now suppose that i ^ j and ki = 0. By (jHED? 
(141) [ij...ji]=0 mods 2fc2+1 . 

2fc 2 

From (J7HD it follows that [[zj]j] = 0. Using (JHH]), P25|) . (TUB , and = 0, we obtain 

2k 2 +l 2k 2 2k 2 

= -ii^pm = i^jiij]] = ./././•;; = if fei+fe)+3 mod *+^+ 2 for ki = 

2fc 2 2fc 2 2fc 2 

If jfej = then [if fel+1 , i^f 2+2 ] = [i^jj] for m = An + k 2 - 1. We have proved (HD2D for fci = 0, that 

2m+4 

is, 



(142) = if m+5 mod 2m+4 Vz ^ j. 

2m+4 



Now consider the case k\ > 1. By (I125p . for all / 7^ z, / 7^ j one obtains 

(143) [if* 1+ \if 2+2 ] = -[if 2 + 2 ,if fel+1 ] ee -[[^il^i]] mod 2 ^+ 2 ^ 

2fc 2 +l 2jfci 

By the induction assumption of (11031) . 

(144) [[l^jM = [Pf- 2+ \ Pi] = mod 2fc2+2 . 

2fc 2 +l 

Using (II25]), dUD, (USD, we get 

[Jf fel+1 , +2 ] = = -ILJiL^M = IL^L^j] = [I^Sj] mod 2m+4 . 

2fc 2 +l 2fci 2ki 2k 2 +l 2ki 2k 2 +2 2m+4 

Since (JUS) is valid for all i ^ 3, one has [Z . . .1 j] = p^+ k ^+ 3 mo d 2fei+2A 2 +2_ 

2m+4 

Proof of ( 11031) . Since n > 4, there is / G {1, . . . , n} such that I ^ i, I ^ i' , I ^ f. 
Consider first the case k\ > 1. Then k 2 < m. By the induction assumption of (I103|) . 

iiL^im = \p^ + \ p?\ = 0, [\i_^m = \p^ + \ pi\ = mod 2fc2+2 . 

2fc 2 +l 2fc 2 + l 

Using this and (I125p . one gets 

(145) [if fcl+ \ if *?+ 2 ] = -\Pf^\ if fcl+1 ] = -[[(^If] l^li] = 

2k 2 +l 2ki 

= —[/... l[(^£j']i] = mod 2fc i+ 2fc 2+ 2 . 

2k 2 +l 

If we set ki = 0, k% = m + 1 then ( 1145jl implies that for any distinct integers c±, c 2 , C3, C4 G {1, . . . , n} 

(146) [[ Cl c 2 ]c4^_C4C 3 ] =0 modg 2m+4 . 

2m+2 

By (I125p . one has [ q . „ C4 C3] = [ ft — ft C3} mod g 2m+2 . Combining this with (11461) . we obtain 

2m+2 2m+2 

(147) [[ Cl c 2 ] 02^303] = mod g 2m+4 . 

2m+2 
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By the Jacobi identity, (TH7I) . and f|125D . 
(148) 

[ci c 2 . . .c 2 c 3 ] = [[cic 2 ] c 2 ■■■C2C3] + [c 2 ci c 2 . „ c 2 c 3 ] = [c 2 ci c^_C2 c 3 ] = [c 2 c x . . . c x c 3 ] mod g 2m+4 . 

2m+3 2m+2 2m+2 2m+2 2m+3 

Also, property fl99|) implies 

(149) [cx^^ca]^-^^^^] mod 2m+4 . 

2m+3 2m+3 

It remains to study the case k± = 0. Using (11481) and (I149p . for k\ = we get 

2fc 2 +l 2fc 2 +l 

= [ft . . . iif] = [ij' . . . = -[W . . . = -[if fcl+1 , P 2k ? +2 } mod *+2te+2 j fcl = o. 

Therefore, [P 2kl+ \ P 2k ? +2 } = mod 

Proof of (ITMjl . By ([103]), we have [z, P 2k ? +2 } = 0, [j, ^, 2+2 ] = mod cj 2fe2 + 2 . This implies ffTOij) . 
Proof of (TT05]) . By f lT03|) . [[^Jj]/] = mod Q 2kl . Using this and ((99]), ffT25]) . one obtains 

2fci-l 

[if \if 2+2 ] = -[if \P 2 * 2+2 ] = -[fc^l^^i] - tW--./ ' = 

2fcl-l 2fc 2 +l 2fc 2 +l 2fc i- 1 

= ^W^-./ = tWjW./; = P# 1+fc2+1) = -Pj fel+fc2+1) mod s ^ 1+ 2 fc2+ i. 

2fc 2 +l 2fcl 2fc 2 +l 2fci 
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